We solve the problem of beams of phonons and rotons incident on, and interacting with, solid surfaces. Phonons and rotons are the quasiparticles of superfluid helium and have a unique dispersion curve. The dispersion curve controls the transmission, reflection and mode change of these quasiparticles at the interface with another medium. We develop a non-local hydrodynamic theory in a consistent and unified way. The structure of the solutions in the quantum fluid is discussed. The creation probabilities of all quasiparticles are derived when any one of them is incident on the interface. The dependencies on frequency and angular are analysed and the backward reflection and refraction for R − rotons are discussed.
I. INTRODUCTION
Many physical properties of continuous media at low temperatures can be described in terms of quasiparticles. The dispersion relation of superfluid helium is non-monotonic and the quasiparticles that correspond to different monotonic regions of the dispersion curve are called phonons, R − rotons, and R + rotons (see Fig.1 ). The R − rotons have negative group velocity, i.e. their momentum is directed opposite to their group velocity. The phonons and rotons are observed in many experiments, such as in neutron scattering in helium [1] and in the direct experiments [2, 3] , where beams of superfluid helium quasiparticles are created by a heated solid. The quasiparticles propagate in the helium, interact and reflect from different surfaces and quantum evaporate helium atoms from the free surface.
These processes have been investigated both experimentally and theoretically (see for example [4] [5] [6] [7] [8] ). Interestingly, R − rotons were not detected in direct experiments until 1999, when they were finally created by a specially constructed source [3] and observed by quantum evaporation. All the earlier attempts to create R − , with ordinary solid heaters and bolometers, were unsuccessful.
He II quasiparticles interact with the interface and can cause their transmission, reflection, and conversion into each other (i.e. mode change). These are the fundamental elementary processes that determine heat exchange between He II and a solid, and cause phenomena such as the Kapitza temperature jump at a solid-liquid helium interface. (see, for example, Ref. [9] ). The phonons are long wavelength fluctuations of density, with the same nature as longitudinal phonons in a solid, and in the long wavelength limit, the problem of their interaction with an interface with a solid, is reduced to the problem of transmission of waves with some constant frequency through this interface. This problem can be found in textbooks on acoustics. The theory can be generalized to take into account the structure of real solids [9] and the structure of the real interfaces (see [10] [11] [12] ).
For short-wave excitations, rotons, there are still various models and views regarding their nature (see for example [13] , [14] and [15] ), and the problem of their interaction with the interface is of significant interest. The first work in this direction was [16] . However, the method used there did not take into account the possibility of simultaneous creation of phonons and R + and R − rotons on the interface, and it could not distinguish between the R + and R − rotons.
In the current work we consider the problem of the interaction of superfluid helium quasiparticles with interfaces in a consistent and unified way. We use the approach that describes a quantum fluid as a continuous medium at the length scales that include the average interatomic distance, in terms of dispersive hydrodynamics (see [17, 18] ). This was developed by the authors in [19] . Such an approach is feasible because in a quantum fluid the atoms are delocalised, as the thermal de Broglie wavelength is much larger than n
where n is the atom number density in the liquid.
The idea to describe superfluid helium as a continuous medium at microscopic scales has been successfully used for decades. Atkins [20] used it in the 1950s to describe the mobility of electrons and ions in He II. In Ref. [17] , nonlocal hydrodynamics was introduced to describe small oscillations in superfluid helium, and in [18] it was used to describe ripplon-roton hybridization. The density functional approach (see for example [21] ) also utilizes this idea.
However, the theoretical justification of this approach remained on the intuitive level until the work [19] .
The nonlocality in the theory allows one to describe a medium with an arbitrary nonlinear dispersion relation Ω(k), which appears explicitly in its equations and is the only input "parameter" in the theory. The possibility of using nonlocal hydrodynamics to describe a medium with an arbitrary dispersion relation is discussed for example in [22] . Both phonons and rotons are considered as purely longitudinal excitations of the same nature, only with different wavelengths. The quasiparticles are described as wave packets in a continuous medium which has nonlocal bonds and nonlinear dispersion. The problem of their reflection or transmission through the interface is reduced to the problem of the interaction of the eigenmodes of the equations of the continuous medium with the interface.
As an intermediate step to solving the problem for all the quasiparticles of superfluid helium, we considered different special cases of Ω(k). First, the monotonic dispersion relation Ω 2 ∼ k 2 +αk 4 , with α > 0, was analyzed in one-dimensional [23, 24] and three-dimensional [25] cases. In these references, the solutions of the nonlocal equations of dispersive hydrodynamics in the half-space were obtained, and different effects of nonlinearity of Ω(k) on the problem of waves transmission through the interface were distinguished.
Then in [26] the dispersion relation such that Ω 2 (k 2 ) is a cubic polynomial of k 2 was considered. It is the simplest expression that can approximate the distinctive dispersion relation of superfluid helium, in both the phonon and roton regions. The problem of the simultaneous creation of phonons and rotons on the interface was solved and the interaction of all He II quasiparticles with the interface was described in a unified way. The failures of attempts to detect R − rotons, before the experiments of Ref. [3] , were explained, and predictions were made for new experiments on the interaction of phonons and rotons with a solid. However, the use of a simple cubic approximation for the dispersion relation of superfluid helium restricted the results obtained in [26] to qualitative or semi-quantitative.
In the current work we present the consistent solution of the problem of the interaction of quasiparticles with an interface for the case when their dispersion relation is arbitrary and non-monotonic, so that Ω 2 (k 2 ) is a polynomial of arbitrarily large degree S. The probability of the creation of each quasiparticle at the interface is derived for all cases. This work includes and generalizes the results of works [23] - [26] , and in the special cases discussed previously, the expressions obtained here transform into the ones obtained earlier. So all results are now presented in a unified way.
The exact expressions for the quasiparticles' creation probabilities on the interface are derived analytically. Those expressions are valid for all energies and angles of incidence of the quasiparticles that are incident on the interface. They are also valid for monotonic and non-monotonic dispersion relation, and for interfaces with a solid or for the free surface. All the qualitative results of [26] with regard to superfluid helium, including the explanation why R − rotons were not detected in direct experiments until [3] , are confirmed.
The dispersion relation of surface excitations of He II, ripplons, can also be investigated in the same framework, but is not considered in this work, and is the subject of another investigation [27] .
In the next section we consider the equations of the quantum fluid in a half-space and the boundary conditions that apply on the interface. Section 3 is devoted to the solution of the equations, and in section 4 we discuss some general consequences of the solution's structure and of the use of boundary conditions with regard to the problem of waves interacting with interfaces. Those include a generalization of Snell's law and a realization of backward reflection and refraction for R − rotons.
In section 5 we consider the process of a phonon in the solid which is incident on the interface, and derive the reflection and transmission coefficients. In the next section we calculate the partial transmission coefficients for the waves created in quantum fluid (for the case when there are more than one), which are the creation probabilities of the corresponding quasiparticles created in the process. In section 7 we derive all the creation probabilities in the process of a quasiparticle of the quantum fluid incident on the interface, i.e. phonon or R − roton or R + roton for the dispersion of superfluid helium. We discuss the peculiarities of the coefficients' frequency and angular dependencies and refine the curves, obtained in [26] for the coefficients calculated in a rough approximation.
II. EQUATIONS AND BOUNDARY CONDITIONS FOR HE II IN A HALF-SPACE
Let us consider the half-space z > 0 filled by a quantum fluid with equilibrium density ρ q and dispersion relation Ω(k). According to the approach of [19] , we introduce the variables of continuous medium: the velocity v, and the deviations of pressure P and density ρ from their respective equilibrium values. These quantities must obey the laws of mass and momentum conservation; therefore the excitations of small amplitude are described by ordinary linearised equations of an ideal liquid, but the relation between ρ and P is nonlocal, defined by some difference kernel h(r). The problem in terms of pressure P can be expressed as a nonlocal wave equation. When solving the problem in the half-space, the integration domain is limited to this half-space [26] and the problem can be brought to the form P (r, t) =ẑ
where the dots denote derivatives with respect to time. We assume that the interface is sharp enough to consider that the kernel h(r) is the same in the presence of the interface as it is in the bulk medium.
In the infinite medium, the integration and definition domains of Eq. (1) are infinite, its right-hand part is a convolution, and the kernel is related to the dispersion relation of the bulk excitations Ω(k) through its Fourier transform (see [19] )
Thus the equation (1) describes a continuous medium with dispersion relation Ω(k), which fills the half-space z > 0. We do not try to find Ω(k) from microscopics, but rather use the experimentally measured curve as the "input parameter" of the theory and thus determine the kernel h(r). This approach implicitly contains the inner structure of the fluid.
The dispersion Ω(k) can be arbitrary. In particular, we are interested in the case, when it approximates to the distinctive dispersion relation of superfluid helium (see Fig.1 ).
The equation (1) is supplemented by the boundary conditions on the interface z = 0. As the local equations of continuous medium hold on both sides of the interface, the boundary conditions, also local, are obtained from their integral forms in the usual way, using the theory of a continuous medium.
If we consider the interface with a solid, the boundary conditions will have the form
where v z is the z-component of the velocity of the continuous medium.
If we consider the free surface of superfluid helium, with surface tension σ, then the pressure at the surface should be the Laplace pressure, and for small deviations of the surface from equilibrium position can be written as
where ξ is the z-coordinate of the points of the surface (see for example [18] or [28] ).
The real interface between helium and a solid or helium and vacuum is, of course, not infinitely sharp; for quasiparticles, the interface can only approximately be considered flat since their wave-length may be comparable with the size of the microstructure of the solid surface. This especially concerns rotons, as their wave-length is comparable with the interatomic distances. The possible effects of taking this into account are discussed at the end of section 7.
III. SOLUTION OF THE EQUATION FOR PRESSURE IN THE HALF-SPACE
The equation (1) was solved with the help of the Wiener and Hopf method in [23, 24] in the one-dimensional case, for the situation when the function Ω 2 (k 2 ) is an arbitrary but monotonic polynomial at k > 0; then generalized in [25] to three dimensions. In Ref. [26] the case of nonmonotonic Ω 2 (k 2 ) of degree S = 3 was analyzed in detail. The nonmonotonic cubic polynomial is the simplest function that can approximate the distinctive dispersion relation of superfluid helium. Therefore the use of this approximation allowed the authors in [26] to solve the problem of superfluid helium phonons and rotons interaction with an interface, and in particular to derive the reflection and transmission coefficients for them in terms of roots of the corresponding cubic equation. However, due to the simplicity of the approximation, the results obtained were limited to semi-quantitative, especially for energies close to and higher than maxon the energy range below energies where the third degree polynomial starts to deviate from the R + roton part of helium spectrum significantly (see Fig.1 ).
In the current work we use the solution of (1) for Ω 2 (k 2 ) a polynomial of arbitrary power.
The physical consequences of Ω(k) being essentially nonlinear were analyzed in [24, 25] .
Those include the presence in the solution of exponentially damped waves that correspond to complex roots of equation Ω 2 (k) = ω 2 with regard to k; complex amplitude coefficients of transmission and reflection, the frequency dependencies of the coefficients, the angles of transmission and angles of full internal reflection. The consequences of non-monotonicity of Ω(k) were studied in detail in [26] and these include, among others, multiple critical angles and backward reflection for R − rotons. Now we have accumulated enough understanding of the problem to show what happens in the general case.
The Wiener and Hopf method (see for example [29] , [30] ) can be used to solve the Eq.
(1) for the function Ω(k) of rather general form. Its idea is to transform to new functions, to turn the right-hand part of (1) into a convolution and after the Fourier transform by r and t, to reduce the problem to the homogeneous Riemann boundary value problem (see for example [31] ) in the plane of complex variable k z (see appendix for more detail). The problem is completely determined by its "density"
where ω is frequency, k = k τ + e z k z is the wave vector and k τ its projection on the plane (x, y).
The solution of the Riemann problem is standard when G is differentiable and does not become zero on the real axis of variable k z [29] . However it can be generalised for our case when it has zeros in the real roots of equation
with regard to k z , and is always zero when k τ = 0 (see appendix).
The simplest way to bypass the first limitation is to shift the real roots into the complex plane, while preserving the index of density G. For arbitrary degree S, it can be shown that the Fourier transform of the solution of equation (1) in terms of r and t is
The product is taken over all the roots k z = k i z (ω, k τ ) of Eq. (6) in the upper half-plane C + of the complex variable k z . The real roots are assumed to be shifted from the real line, with the condition that there are as many roots shifted up as there are shifted down (this comes from the demand that index of the density is zero). The choice which of the roots are shifted up (or, equivalently, down) is denoted by the index µ. It determines the specific Riemann boundary problem, of which (7) is the solution, and determines P µ to within its amplitude C µ (ω, k τ ), because the solution of a Riemann boundary problem with zero index is unique to within a multiplicative constant [29] . The linear combination of solutions P µ with all possible selections µ, gives the general solution of (1) with given ω and k τ .
As Eq. (6) is a polynomial equation of degree S with real coefficients, either with regard to k 2 or to k 2 z , the full number of roots k i z in C + , after shifting, is S. At ω = 0, one of them isk z = i|k τ |. The prime superscript on the product in the nominator designates that the factor with this root (k z −k z ) is omitted from it. This is the consequence of the singularity of density G in k z = 0 when k τ = 0.
In the limit of small frequencies, when the dispersion relation is almost linear Ω(k) ≈ ks, each factor in the lower product in (7), tends to the corresponding factor in the upper product, with the exception of the factor withk z , which is absent in the nominator, so (7) tends to
Suppose that k τ > ω/s. Then the two roots of Eq. (6) ± ω 2 /s 2 − k 2 τ are imaginary, and there is no choice of roots shifting: due to the conditionk z ∈ C + we havek z = i| k 2 τ −ω 2 /s 2 |. The solution has the form (7) and is unique. It describes the low-frequency surface excitation of He II, ripplon P rippl (z) ∼ e −|kz|z . Now suppose that k τ < ω/s. Then of the two roots ± ω 2 /s 2 − k 2 τ , one should be shifted up. The choicek z = +|k z | gives us the solution P out (z) ∼ exp (i|k z (ω, k τ )|z), which is the wave traveling away from the interface, while the other choice gives the wave traveling towards the interface P in (z) ∼ exp (−i|k z (ω, k τ )|z). So in this case there are two linearindependent solutions, and the subscript takes two values µ = out, in. The two solutions describe low-frequency phonons traveling in the positive and negative directions of the axis z.
In the general case, the solution in coordinate space, is obtained through the inverse Fourier transform, by integrating over the upper half-plane C + of k z . If we are interested in solutions with a given ω and k τ , we take the amplitude of the form
and then the solution is the sum of S monochromatic waves
where r τ is the projection of the radius-vector to the plane of the interface (x, y), and the sum is taken over all the S roots k i z in C + (after shifting). The amplitudes α µ,i are the residues of the right-hand part of (7) in k i z .
The velocity is obtained from (9) through the usual relationv = −∇P/ρ q :
Here
Real solutions, which correspond to quasiparticles propagating in the medium, are obtained by making wave packets of P µ , i.e. taking the inverse Fourier transform of Eq. (7) with the amplitude C µ (ω , k τ ), that is a function that is essentially different from zero only when the arguments are in the neighborhood of given ω and k τ . Such solutions consist of S wave packets, some of them traveling and some of them damped in z > 0.
If, for some given ω and k τ , there are N positive roots k (9) and (10), so the solution P µ in the quantum fluid will contain N traveling waves and S −N damped waves. In terms of the problem of quasiparticles' interaction with the interface, as will be shown below in more detail, this leads to the following: when any quasiparticle is incident, all the quasiparticles that can be created on the interface, which conserve energy and tangential component of momentum, will be created with corresponding non-zero probabilities.
IV. TRANSMISSION OF WAVES THROUGH THE INTERFACE: GENERAL PROPERTIES
In the next sections we consider the problem of quasiparticles' interaction with the interface, -their reflection, transmission and mode change. We treat quasiparticles as wave packets, so, as the problem is linear, it is reduced to the problem of plane waves interaction with the interface. However, when calculating energy transmission coefficients, we have to take into account that energy (as any other quantity quadratic on amplitude) is carried in a wave packet with its group velocity.
The solutions both in z > 0 and z < 0 consist of waves with given ω and k τ . Therefore in order for the boundary conditions to be satisfied for all t in all the points of the interface (x, y), the frequencies ω and tangential components of wave vectors k τ on both sides of the interface must be equal. In terms of quasiparticles this means that energy and the tangential component of momentum are conserved in the processes of quasiparticle destruction and creation at the interface. This leads to several general consequences.
• The wave vectors of all the incident, transmitted and reflected waves lie in one plane, which we may denote by (y, z), and thus the problem is reduced to two-dimensional.
The same consideration applies to the case of the free surface.
• R − rotons have negative group velocity dΩ/dk < 0, or "negative dispersion", i.e. their group and phase velocities are antiparallel. Therefore for them the effects of backward reflection and refraction are realized, which were predicted and described by Mandel- • A form of Snell's law holds for all the traveling waves involved in the process -incident, reflected and transmitted, so that the quantity
is the same for all i. Here index i enumerates the types of traveling waves with different phase velocities in the two adjacent media (e.g. helium R + rotons or solid's phonons);
is the phase velocity of wave i and Θ i > 0 is its angle of propagation, measured from the normal. Thus all the angles of incidence, reflection and transmission are related through (11) , and it also determines the number of traveling waves in each process.
Suppose wave i is incident on the interface. Then if for some j = i Eq. (11) gives sin Θ i > 1, it means that the corresponding wave is damped and the quasiparticle j is not created.
Let us assign the subscripts i = 1, 2, 3 to the three types of traveling waves in the superfluid -the phonons, R − rotons and R + rotons. So k 1,2,3 are the positive roots of Eq.
(6) with regard to k, with the subscripts in ascending order of their absolute values
In this work we focus on the peculiarities that the special dispersion relation of superfluid helium stipulates with regard to the problem of quasiparticles' interaction with the interface.
So, for simplicity, we describe the solid by a scalar model, i.e. as an isotropic continuous medium with equilibrium density ρ s and one sound velocity s 0 , and thus assign the index i = 0 in Eq. (11) to the solid's phonons.
As transverse waves can be treated in the same theoretical framework, the theory of continuous medium, they do not present any difficulty. However, the calculations become much more cumbersome, while, on the whole, the situation does not change. Due to the very small transmission coefficient of the solid-helium interface (see section 7), the reflection coefficients hardly change at all. For the transmitted waves additional critical angles appear, corresponding to the sound velocity of the transverse waves. Also it should be noted that taking into account both the longitudinal and transverse waves in the solid, allows one to consider the contribution of Rayleigh waves, which give contributions to the transmission coefficients of He II quasiparticles into the solid at fixed incidence angles. For phonons with linear dispersion this problem was solved in [34] .
V. PHONON IN THE SOLID INCIDENT ON THE INTERFACE
Let us consider the problem of transmission of a phonon in the solid, with frequency ω, incident from the solid side, on the interface at angle Θ 0 to the normal, into superfluid helium.
In the scale of frequencies of superfluid helium's dispersion relation, the dispersion of the solid can be safely regarded as linear and its sound velocity as constant s 0 = const. In the scalar model the solution in the half-space z < 0 is the superposition of the incident and reflected waves with wave vectors k 0 = ω/s 0 . The amplitude reflection coefficient, defined as the ratio of pressures in the reflected and incident waves, can be expressed as
where
is a generalization of the wave impedence of the interface. Due to the boundary conditions (3), the ratio P/v z at z = −0 is equal to its value at z = +0 and therefore is fully determined by the solution in the quantum fluid, in z > 0. This is the quantity, through which all the properties of the quantum fluid affect the reflection coefficient r and the solution in the solid.
Let us now construct the "out-solution" P out in z > 0, which is realized when a wave is incident on the interface from the solid. This implies that a wave packet of solutions P out should contain only traveling wave packets that travel away from the interface, if there are any. This construction of the out-solution implies the correct choice µ of roots
N is the number of positive solutions of Eq. (6) with regard to k 2 z for the given ω and k τ . Then among the S summands of (9) there are N with real k i z and S −N with Im k i z > 0. the real line, and thus be included in (9) . As Ω(k) approximates the dispersion relation of superfluid helium, the possible cases to be considered are N = 0, 1, 2, 3. These cases might, in fact, include all the problems of interest for arbitrary dispersion.
The three roots k 1,2,3 defined in (12) are all real when ω ∈ (∆ rot , ∆ max ), where ∆ rot and ∆ max are the roton and maxon frequencies respectively (see Fig.1 ). At ω < ∆ rot and ω > ∆ max we define them by continuity. Thus k 1 corresponds to phonons, k 2 to R − rotons and k 3 to R + rotons in the whole frequency range. k 2,3 at ω < ∆ rot and k 1,2 at ω > ∆ max are complex, among the other S − 1 complex roots of Eq. (6) with regard to k for ω in those intervals.
Each root k i for i = 1, 2, 3 gives a pair ± k 2 i − k 2 τ of roots of Eq. (6) with regard to k z . Of each pair either both roots are real or the two are complex conjugate. Let us denote by k i z for i = 1, 2, 3 the three roots out of the six that enter the solution P out , and show that there is only one way to choose the triplet.
Indeed, of a complex conjugate pair, only the root in C + can enter (7), as P (z) should be bounded at z > 0:
Of the real pair, one of the roots corresponds to a wave traveling towards the interface, and the other, to the wave traveling away from the interface.
R
− rotons have negative group velocity, i.e. for them dΩ/dk < 0. Therefore, a wave packet constructed of plane waves with wave vectors close to k 2 and their z-components positive, will travel towards the interface, and vice versa. As the out-solution can only contain wave packets traveling away from the interface, we finally obtain the following rules for choosing k i z for i = 1, 2, 3:
All the other roots of Eq. (6) with regard to k z are complex and break up into complexconjugate pairs. Of each pair there is only one root that lies in C + , and those are the roots k i z for i = 4, . . . , S. Then P out solution is built in a definite way and is unique, withk z = k 1 z .
It has the form (7) with the real roots shifted up defined by Eq. (15) . The rule includes all the cases N = 0, 1, 2, 3.
The sound velocities of most metals (e.g. Cu or Au) are much greater than the phase velocity of helium s(k) = Ω(k)/k, so at the interface with superfluid helium it usually holds
Therefore the case N = 3 is realized and we have
So the out-solution contains three traveling waves, which means that a phonon in the solid, which is incident on the interface, creates in the helium, with non-zero probability, a phonon, a R − roton and a R + roton. In the general case N depends on the function Ω(k), values of ω, k τ and s 0 .
In order to obtain the impedance Z, we have to calculate the values of P and v z at z = 0.
From (9), P | z=0 is the sum of all residues α out,i of the right-hand part of (7), as the latter all lie in C + , and therefore is equal to minus the residue of P (k z ) at infinity. From (10), v z | z=0
is the sum of residues of k z P (k z )/(ρ q ω) in k i z , and therefore we get
The residues at infinity are obtained directly by expanding (7) and on substituting them into (17) and (14), we obtain
where k 0 z = k 0 cos Θ sol > 0 is the z-component of the wave vector of the incident wave.
The function of k i z in the denominator of Eq. (18) determines the influence of the nonlinearity of the dispersion relation Ω(k) on the reflection and transmission coefficients. In the case of linear dispersion, it is reduced to k 1 z = ω/s · cos Θ q , where Θ q is the transmission angle defined by (11) . Then Z turns into the ordinary impedance ρ q s/ρ s s 0 , multiplied by the function of angles cos Θ 0 / cos Θ q .
If we introduce the notatioñ
then the expression for the amplitude reflection coefficient takes the compact form
The most interesting case for us is the interface between superfluid helium and a solid. In this case, as shown above, N = 3. Due to smallness of the parameters ρ q /ρ s , s i /s 0 1 for i = 1, 2, 3, the transmission coefficient is obtained in the effective limitk s → 0, so D 1. For S = 2 and N = 1 the expression (21) turns into the one obtained in [25] . For S = N = 3 it turns into the result of [26] .
Eq. (21) is valid for any polynomial Ω 2 (k 2 ), monotonic or not, any incidence angle or any density ratio ρ s /ρ q . The structure of D depends, throughk q , on the number of traveling waves N , which is in turn determined by (11) . For example, if, for some set of parameters, ω and incidence angle, Snell's law (11) 
VI. ENERGY FLOWS AND THE PARTIAL TRANSMISSION COEFFICIENTS
As noted above, at the interface between a solid and superfluid helium the case N = 3 is usually expected to be realized. This means that the out-solution contains three traveling waves, with k 1 z , k 2 z and k 3 z (16), which correspond to the phonon, R − roton and R + roton respectively. In order to find the partial transmission coefficients, corresponding to those waves, we need to calculate the energy flows in each of them.
Also the confirmation of energy conservation in the interaction process at the interface, is not only of abstract interest. Indeed, the first attempt to apply the nonlocal hydrodynamic description of a superfluid to the problem of quasiparticles interaction with the interface, was probably made in work [18] , in which the interaction of rotons with the surface excitations of He II was studied. In that work the solution of the nonlocal wave equation in the half-space, analogous to Eq. (1), was sought in the form of even functions of z, while extending the integration limits to infinity. There appeared no contradiction, as the reflection coefficient of a roton from the free surface had absolute value of 1 either way. However, when applied by the authors to the problem of two adjacent media, such approach gave physically irrelevant solutions, in which energy was not conserved to the extent of the non-linearity of the dispersion relation of one of the media. The reason for this is that integral equations cannot be ordinarily solved by even (or odd) continuation. One can see from Eq. (1), that even if the values of P (z) at z < 0 had physical sense, they would in fact be fully determined
by its values at z > 0, through the integral in the right-hand part. The demands for the equation to hold in z < 0, and for the solution to be even (or odd), lead to non-physical nonlocal bonds between the points of the fluid in the physical region z > 0 with the points in the non-physical region z < 0. This leads to a violation of the energy conservation law.
This issue led the present authors to engage in solving Eq. (1), with the integrand given on the half-line z > 0 and with finite integration limits, using the Wiener and Hopf method [19] - [26] . We solve it without assuming that the integrand holds at z < 0.
Therefore let us calculate the energy flows in the solid and in the quantum fluid separately.
First, the energy flow to the interface from the solid is the difference of the flows in the incident and the reflected waves. If we express the amplitudes through P 0 ≡ P | z=−0 , and use (21) , for the average z-component of the energy flow density we obtain
Now we take into account that Eq. (6) is a polynomial equation with real coefficients with regard to k 2 z . Therefore its roots break up into real ones and into complex-conjugate pairs. The negative real roots give imaginary k i z , and the complex-conjugate pairs k 
The expression is very simple and might seem trivial, but it turns out that thinking that the energy flow in the i-th wave in superfluid corresponds to the summand with subscript i in (23), and thus is proportional to k i z , is completely wrong. Indeed, we may remember that k 2 z < 0, while each wave created in superfluid can only carry energy away from the interface, not towards it. Let us calculate the energy flows in each wave explicitly.
If α out,i is the pressure amplitude of a traveling wave i, and its group velocity is u i , then the average z-component of its energy flow density is
u i can be obtained from the following representation of the dispersion law
where A is a constant and k i z the same roots as in (19) . After some transformations and using the boundary conditions (3) we can obtain
Now we take into account the structure of the roots k i z , i.e that they are either real, or imaginary, or break up into pairs related as k i z = −k * j z . Therefore for the case N = 3 we have
where perm. denotes all permutations. We can see that for any i = 1, 2, 3 the energy flow Q i z is positive, but not proportional to k i z . It can be now shown easily from (27) , that in all the cases N ≤ 3
So energy is conserved and the solution is consistent.
The relative energy flows in the three waves are functions of only k 1 z , k 2 z and k 3 z . This is very important. All the complex roots k i z are obtained by constructing an approximation polynomial Ω 2 (k 2 ) for the experimental data for the dispersion curve, then finding all of the roots of Eq. (6) on the complex plane, then sorting out those of them that lie in C + . Those are the necessary steps in order to, for example, build the graph D(ω, k τ ) given by Eq. (21) in Fig.3 , as the complex roots enter the expressions explicitly. The functions k i z (ω, k τ ) differ slightly for different approximations, with the most rough values given by the case S = 3 (see [26] ).
However, now, in order to calculate the relative energy flows in the phonon, R − roton and R + roton waves, based on Eq. (27), all we need is the experimental data for k 1,2,3 (ω), and the result is not affected by the approximation polynomial.
The partial transmission coefficients for i = 1, 2, 3 are D i = DQ i z /Q 0 z . In the most
The asymptotes of the frequency dependencies of the transmission coefficients, at ω close to the roton minimum ∆ rot or maxon maximum ∆ max , are determined by the factors that are functions of k 1,2,3 z only. When ω → ∆ rot +0, the small parameter isω = ω −∆ rot , and
Likewise when ω → ∆ max − 0, we obtain Fig.4 ).
At normal incidence k τ = 0 and k 1,3 z = k 1,3 , while for the R − rotons we have
Therefore, from (29) we obtain
In (30) The graphs on Figs. 3,4 display the same qualitative behaviour of D i (ω, 0) as the analogous graphs obtained in [26] , and the two sets look very similar to each other, which shows that the preliminary results of [26] were correct.
Due to the strong inequality s sol s i , and the generalized Snell law (11), the wave vectors of the traveling waves of superfluid helium are concentrated in a narrow cone around the normal: sin Θ i sin Θ sol , and so Θ i π/2 for i = 1, 2, 3. Therefore in the zero approximation of the small parameter s/s sol , the angular dependencies of transmission coefficients are reduced to the multiplier cos Θ 0 ∼ k 0 z
and thus Eq. (31) holds for any angles of incidence.
In terms of quasiparticles this result means that a phonon in the solid, incident on the interface with superfluid helium, creates R − rotons with much smaller probability than it creates phonons and R + rotons in the helium (those probabilities are small themselves, too, due to the small coefficient of transmission of the wave at the interface). Due to the law of detailed balance, likewise, when an R − roton is incident on the interface with a solid, a phonon in the solid is created with much less probability than when a phonon or R + roton in the helium, is incident.
Thus, in an experiment in which quasiparticles of superfluid helium are created by a solid heater and registered on a solid bolometer, R − rotons are weakly created and weakly detected (where "weakly" means much smaller than helium phonons or R + rotons), and the effect gets squared. This result explains why R − rotons were not detected in direct experiments until the work [3] , in which both creation and detection of quasiparticles was carried out by different methods. There, the R − rotons were created by collisions in the bulk liquid.
VII. HE II QUASIPARTICLES INCIDENT ON THE INTERFACE
Let us consider the problem of a helium quasiparticle of type j incident on the interface.
It can be a phonon j = 1, R − roton j = 2 or R + roton j = 3. First, we discuss the consequences of Snell's law (11) with regard to this case, assuming, as before, the set of
If a wave j is incident on the interface at angle Θ j to the normal, the value of k τ = k j sin Θ j is set and the angles of propagation of other waves i = j are determined by Eq. (11):
If the incidence angle of wave j is greater than Θ cr ji , it means that k τ > k i (ω), so k i z is imaginary, the i-th wave is damped and the corresponding quasiparticle is not created.
The solution in z > 0, which corresponds to this problem, should contain one traveling wave j, which travels towards the interface (or, rather, the wave packet constructed of such waves should be traveling towards the interface; this makes a difference for R − rotons). Such a solution of form (7) is easily constructed based on the out-solution P out .
Let us take the solution of the form (7) and use the same rules (15) of roots shifting from the real line as used in construction of P out , except for the pair ±k j z , which will be shifted in the opposite directions. Thus the wave packet j traveling away from the interface is replaced by the wave packet of the same type traveling towards the interface, and the notation differs from P out by the sign of k j z (only in the denominator, as the roots k i z in the numerator of (7) do not change sign). Let us denote this new solution as P (j)
in . We can construct N such solutions, after the number of real pairs of roots ±k i z of Eq. (6):
The amplitude of P
in , and the amplitude of pressure in each monochromatic wave in it is α (j) in,i , in full analogy to the notations for P out . Now, for the case N = 3 we have four solutions of form (7), P out and P (j) in for j = 1, 2, 3, which are linearly-independent due to their structure. The full number of solutions that can be formed by picking different triplets out of the real six roots to be shifted into C + is 3 6 = 20 (where n k is the binomial coefficient). In the case S = N = 3 it was shown explicitly [26] , that all of them can be presented as linear combinations of the four built above. The solutions of Eq. (1) with the corresponding kernel were sought in the form (9) , and it was shown that the space of solutions is four-dimensional. In the general case the additional complex roots k i z with i > 3 should not affect this circumstance, and we assume that, in quantum-mechanical terms, the four solutions form the basis set for the level at given ω and k τ . The degeneracy of the level is due to the non-monotonicity of the dispersion relation Ω(k). The actual dimension is (N +1) and depends on ω and k τ .
The basis is constructed conveniently in such a way, that when a wave i is incident, the
The case N = 0 does not correspond to the considered problem. It is realized when there are no real roots k i z : k τ > k 1 (ω) at ω < ∆ rot or k τ > k 3 (ω) at ω > ∆ max . Then the solution P out is exponentially damped with z. It either corresponds to the surface excitation of superfluid helium, ripplon, or to the complete internal reflection of a phonon in the solid from the interface with He II, which is usually not realized, as mentioned above, due the small sound velocity of superfluid helium. The are no in-solutions and the level with ω and k τ is not degenerate.
The case N = 1 is realized when there is only one pair of real This situation is qualitatively equivalent to the problem of the interaction of a quasiparticle with monotonic dispersion with the interface. The level is doubly degenerate, the same as in the usual case, when there are just the incident and the reflected waves. The basis is
in }, with j = 1 for a) and j = 3 for b) and c). The case N = 2 is realized when there are two pairs of real k i z : k 1 (ω) < k τ < k 2 (ω) at ∆ rot < ω < ∆ max . It corresponds to an R + or an R − roton incident on the interface at angles greater than Θ cr 31 and Θ 21 respectively. Thus the phonon wave has imaginary k i z and is damped. The basis is {P out , P (2) in , P (3) in } and the solution is P out +P (j) in with j = 2 when the R − roton is incident and j = 3 when the R + roton.
Finally, the case N = 3 is realized when the number of real roots k i z is a maximum:
This corresponds to a quasiparticle i of He II incident on the interface at angles smaller than Θ cr ij for all j > i. So all the three waves i = 1, 2, 3 in the helium are traveling waves. The basis is {P out , P (1) in P (2) in , P (3) in } and the solution is P out +P (j) in with j = 1, 2 or 3 depending on the type of the incident wave. So, when a wave i is incident on the interface, the solution in the quantum fluid is
in . Thus it consists of one incident wave i, N reflected waves and S − N damped waves, with two free amplitudes C out and C in -solution are calculated in the same way as for P out , and we obtain
, then the solution in the solid, in z < 0, is one transmitted traveling wave with the normal component of wave vector k 0 z = −k 0 cos Θ 0 < 0, where Θ 0 is determined from (11), so we have
If Θ i > Θ 1 and the first variant is realized only for helium quasiparticles incident in a narrow cone around the normal to the interface.
Applying the boundary conditions (3) to (36) and (38), we obtain the ratio C (i) in /C out and thus express the amplitudes of all the waves through the amplitude of the incident one. The amplitude reflection coefficient r ij is the ratio of pressures in the created wave j and the incident wave i:
The energy reflection coefficient R ij is the ratio of the normal components of the energy fluxes in the created wave packet j and the incident wave packet i. It is also the creation probability of quasiparticle j when quasiparticle i is incident on the interface. In other words R ij is the probability of mode change from i to j, so it can be also called the conversion coefficient. For i = j we have R ii = |r ii | 2 , and for i = j we use amplitude coefficients r ij and group velocities (26) . Most of the factors have absolute value 1 in the similar way to the transition from Eq. (24) to Eq. (27) , and after some simplifications we obtain
where {i, j, k} = {1, 2, 3} + perm.
We see that R ij = R ji .
The formulae (41) and (42) 
including the cases when some of the coefficients are equal to zero. It was verified in [26] explicitly in all cases for S = 3.
At the interface between superfluid helium and a solidk s k i for all i, so all the transmission coefficients (21) and (29) we have (k 2 z +k 3 z ) = O(ω 1/2 ), and therefore from (41) and (42) we obtain
So the dominating processes on the interface near the roton minimum are reflection of phonons into phonons, conversion of R − rotons into R + rotons and visa versa.
Likewise we can derive the asymptotes of R ij at ω → ∆ max −0 for k τ < k 1,2 . They can be obtained from (44) and (45) Comparing with the previous results [26] , we see that the qualitative behavior of the probability curves is the same, but the numerical values differ by ∼ 10%, with the exception of the curves for R 11 and R 33 . The probability R 11 is on average almost twice as large as its preliminary value, and R 33 is almost twice as small. This difference is clearly caused by the roughness of the approximation for the R + roton branch in [26] .
From (42) we see that R ij ∼ k i z k j z for i = j. Therefore for i > j, when the incidence angle is close to π/2, k i z → 0 and the coefficient R ij tends to zero as π/2−Θ i ; for i < j, when the incidence angle is close to the critical angle Θ cr ij , k j z → 0 and the coefficient R ij tends to zero as Θ cr ij −Θ i . This gives the asymptotic behaviour of R 12,13,23 at angles of incidence close to π/2 and of R 21,31,32 at incident angles close to the corresponding critical angles (R ij and R ji are the same functions of ω and k τ but different functions of respective incident angles Θ i and Θ j ). We see that at grazing incidence, the only coefficients that do not tend to zero are R ii and so the dominating processes are specular (mirror) reflections; in the limitk s → 0 the transmission coefficients are zero and so R ii → 1.
When the incident angle for some quasiparticle i increases and becomes greater that one of the critical angles Θ cr ij (j < i), the root k j z changes from being real to imaginary. Therefore the structure of the coefficients R ij changes even for those of them that do not tend to zero or unity. Thus, if we consider an R − roton incident, when Θ 2 = Θ cr 21 , R 21 tends to zero and R 22,23 have kinks.
The numerator of a factor of R 23 in (42) 
As k 1 z changes from being real to imaginary, the real part of k 23 turns to zero. In the most simple case S = 3, which was analyzed in [26] , the imaginary part without k 1 z is 2Imk 2 z (ω = 0) and is of the order of the exponent of the one-dimensional kernel h(z; k τ ), which replaces h(r) in Eq. (1) value of the pressure is greatest when the R − rotons are specularly reflected from it, without mode change, and this condition is satisfied for the incidence angle equal to Θ 0 2 . In the general case, the effective one-dimensional kernel is a sum of many exponents, which are now also functions of ω, but the combination of k i z that enters the numerator k 23 still plays the role of some effective exponent. So R 22 will turn to unity if the penetration depth of the phonon wave becomes equal to the corresponding effective correlation length.
We can see in Fig.6 , that this angle Θ 0 2 indeed exists for the Ω(k) that well approximates the dispersion relation of superfluid helium, as opposed to the rough approximation with S = 3 used in [35] . Its value is about 40
• , as opposed to the previous result ∼ 30
• , the peak is not as sharp, and at larger angles R 22 is quite close to unity. This means that we only need to provide Θ 2 > 40 • for the negative pressure of the R − roton beam to be measurable, though best results would be at Θ 2 ≈ 40
• .
Comparing the graphs in Fig.6 with the analogous graphs of [26] shows, that at angles less than the critical angle the difference is small, but when the incidence angle is greater than the critical angle, the difference increases. For comparison, the dashed line shows R 22
from [26] .
If we consider reflection from the free surface, then the boundary conditions (3) are replaced by (4) . For a solution ∼ exp(ik τ r τ −iωt), this expression turns into P = −σk 2 τ ξ. The z-component of velocity of the surface in this case is v z = −iωξ, and therefore we have
Thus the ratio v z /P at z = 0 is given not by (38), but by (46). Therefore the reflection coefficients from the free surface of superfluid helium are obtained by formally replacingk s in Eqs. (39-42) byk
The quantityk f is imaginary, so the structure of the coefficients is the same as when D = 0, and 3 j=1 R ij = 1. The transition layer of helium atoms at the interface can be treated in the usual approach as multiple layers of continuous media with corresponding equilibrium densities and equations of state. This turns the problem into one of passing waves through this multilayered structure.
Then the solution in the outmost "layer", the bulk fluid, is composed of P out , P (1) in , P (2) in and P (3) in . The one thing that changes is the boundary conditions on the interface between this "layer" and the next, which alters the relative amplitudes of the four solutions in the particular solution. This is due to changes in Z (14), or equivalently,k s (19) (ork f in (47)), so the transmission (21) and reflection (39-42) coefficients also will change through the replacement of Z by some effective quantity. The influence of the microstructures of the interface can be taken into account by introducing the effective roughness of a solid surface. Estimates were made in [10, 11] (for phonons) and show that this roughness does not change the results significantly.
It can be noted, that it is also possible to take into account the layer of weakly-adsorbed atoms on the interface, see [12] . Incorporation of this analysis into our model would also lead to a change of the effective impedance Z (14), in the way similar to the multilayered problem discussed above, with analogous consequences.
In the current work we solve the problem of the interaction of superfluid helium phonons and rotons with interfaces in a consistent and unified way. We describe the quantum fluid in the dispersive (nonlocal) hydrodynamics approach, in which a medium's dispersion relation Ω(k) enters the equations explicitly and serves as the only input "parameter". We present the consistent solution of the problem of the interaction of quasiparticles with the interface, for the case when their dispersion relation is arbitrary and nonmonotonic, so that Ω 2 (k 2 ) is a polynomial of some degree S.
We solve the equations of nonlocal hydrodynamics in the half-space and discuss some general consequences of the solution's structure with regard to the problem of quasiparticles creation on interface. These are a generalization of Snell's law (11) This work includes and generalizes the results of Refs. [23] - [26] , in which different specific special cases of dispersion relation were considered, and in the corresponding special cases, the expressions obtained here turn into the ones obtained earlier, so they are now presented from a single point of view. All the qualitative results of [26] with regard to superfluid helium are confirmed, including the explanation why R − rotons were not detected in experiments until [3] . For the suggestion of new experiments on R − rotons detection, we have adjusted the optimal angle of incidence. The general expressions obtained for the transmission and reflection coefficients allowed us to refine the dependencies obtained in [26] for the superfluid helium -solid interface.
We hope that the obtained results stimulate new experiments on the interaction of helium phonons and rotons with interfaces.
APPENDIX. WIENER AND HOPF METHOD
Let us show how the integro-differential equation (1) We start from Eq. (1) and make Fourier transform by time:
P (r, t) = −ω 
Let us introduce two new functions P + (r, t) and P − (r, t). The first one is defined as P − (r, t) = P (r, t)for z > 0
and P − (r, t) = 0 for z < 0.
Likewise we demand for the second function P + (r, t) = 0 for z > 0,
and at z < 0 it will be defined so that the equation (P − (r) + P + (r)) = −ω 2V d 3 r 1 h(|r 1 − r|)P − (r 1 ),
where integration now is made over the infinite space, should hold true on z < 0. At z > 0 it holds automatically. Now the right-hand part of Eq. (52) is a convolution, so after Fourier transform by r P ± (k) =ˆd 3 r e −ikr P ± (r).
we have
We are interested in P ± as functions of k z , while ω and k τ = e x k x +e y k y act as parameters.
Due to the demands (49) and (51), for the functions P ± (z) that grow not faster than power law at infinity, their Fourier images (53) P + (k z ) and P − (k z ) are analytical in the upper and lower half-plane of the complex plane of variable k z respectively. So the upper index indicates the half-plane of the complex plane k z , in which the respective function is analytical. Eq.
(54) holds for real k z , so in detailed notation we have
This equality gives a linear relation on the real line between the limit values of functions P + (k z ) and P − (k z ) on it, which are analytical in the upper and lower half-planes of the complex variable k z respectively. Therefore it defines a homogeneous Riemann boundary value problem on the real line (see for example [29] ) with "density"
Its key parameter is the density's index, which can be calculated as difference between the number of plain zeros of Eq. (6) in the upper half-plane C + of k z and the lower half-plane C − . As the function Ω 2 (k z ) is even, the index of G (56) is equal to zero.
The Riemann boundary problem with density G, that is differentiable on the contour (in our case it is the real line), does not tend to zero on it and has zero index, has a unique solution to within a multiplicative constant, provided that there is an additional condition on its asymptotic behaviour at infinity [29] . Our problem has two complications with regard to this standard case. First, G has zeros in the real roots of Eq. (6), and second, it is unbounded at zero when k τ = 0.
The detailed solution of this problem in the case of monotonic dispersion is given in appendix to [24] , in the one-dimensional case, when k τ = 0. It was shown there, that the singularity of G in zero changes the structure of the solution, which is still unique if we demand that P (z) is bounded at z > 0. As the three-dimensional solution has to turn into the one-dimensional one when k τ = 0, it has the same structure, notwithstanding the fact that the singularity takes place for a single value of the parameter k τ .
The simplest way to bypass the first complication is to shift the real roots into the complex plane, while preserving the index of density G. When Ω(k) is monotonic, there are two real roots and so two ways of shifting while preserving the index. Thus we obtain two linearindependent solutions, that play the same role as plane waves with positive and negative k z in the usual case of linear dispersion. When Ω(k) in non-monotonic, the situation is more complex. In [26] the Eq. (1), with the corresponding kernel, was solved explicitly by using a different method, for the special case when Ω 2 (k 2 ) is a cubic polynomial and there are three positive roots of Eq. (6) with regard to k 2 z . It was shown there, that there are four linear-independent solutions with given ω and k τ , and the general solution is their linear combination. It can be also shown, that these four solutions can be obtained by the Wiener and Hopf method by selecting appropriately which three of the six real roots of Eq. (6) 
